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On the possibility of observation of the future for 
movement in the field of black holes of different types 
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^ ' Abstract It is sliown for a spherically symmetric black hole of general type 

^— s that it is impossible to observe the infinite future of the Universe external 

rvQ . to the hole during the finite proper time interval of the free fall. Quantita- 

_H ' tive evaluations of the effect of time dilatation for circular orbits around the 

j^ . Kerr black hole are obtained and it is shown that the effect is essential for 

ultrarelativistic energies of the rotating particle. 
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^jj', 1 Introduction 

^N| I It is well known an observer falling radially into a black hole will reach the 

^ ■ horizon in finite proper time, but the coordinate time in the Schwarzschild co- 

^^ I ordinate system is infinite [l][2] . This leads to an illusion of the possibility for 

a falling in the black hole by a cosmonaut so as to observe the infinite future 
T- 1- I of the Universe external to the black hole (see, for example, [Sill]). The impos- 

sibility of such an observation is shown in [5','F . Note that the impossibility of 
^—v I the observation of the infinite future for the radial falling to the Schwarzschild 

^SJ ' black hole in the four-dimensional space-time is evident from the properties of 

the Kruskal-Szekeres coordinate system T,'F . 

The possibility of observing the infinite future when falling on the black 
hole is analyzed in Sect. [5] for spherically symmetrical black holes of general 
type: black holes with electrical charge, with nonzero cosmological constant, 
rrt ', dirty black holes (those with nonzero stress energy outside of static horizons), 

and multidimensional black holes. In the general case, there are no explicit 



Yu. V. Pavlov 

Institute of Problems in Mechanical Engineering, Russian Academy of Sciences, 

Bol'shoy pr. 61, V.O., Saint Petersburg 199178, Russia 

E-mail: yuri.pavlov@mail.ru 



Yuri V. Pavlov 



analytical expressions for Kruskal-Szekeres coordinates and the analysis of 
space-time properties in such cases is difficult even for the radial falling on a 
black hole. In this paper it is shown from the analysis of the null and time- like 
geodesies for spherically symmetric black holes of the general type that, if the 
proper time of the fall is finite, then the time interval of observation of events 
in the point of the beginning of the fall is also finite. Quantitative evaluations 
are given for the Schwarzschild black holes. 

Another the possibility to observe the far future of the external Universe 
is also discussed in the literature, namely due to time dilatation near a black 
hole. So in [S], p. 92, it is stated "However, a more prudent astronaut who 
managed to get into the closest possible orbit around a rapidly spinning hole 
without falling into it would also have interesting experiences: space-time is so 
distorted there that his clock would run arbitrary slow and he could, therefore, 
in subjectively short period, view an immensely long future timespan in the 
external universe" . In Sect.|3]of the paper quantitative evaluations for the time 
dilatation on the circular orbits around the rotating black hole are obtained 
and it is shown that the effect becomes essential for ultrarelativistic energies 
of the rotating object. 



2 Observation of the future virhen falling on the spherically 
symmetric black holes 

Consider a spherically symmetric black hole with the metric 

ds' ^ A{r)c^de - ^^-T^dQ^^^,, (1) 

where c is the light velocity, di2N-2 — the angle element in space-time of 
the dimension A'^ > 4, A[r) — a certain function of the radial coordinate r 
which is zero on the event horizon rn of the black hole: A{rH) = 0. For the 
Schwarzschild black hole it holds |TD] 

A{r) = 1 - ^ , rg^ —^ , 2 

where G is the gravitational constant, M — the mass of the black hole. For 
an electrically charged nonrotating black hole in vacuum we have |11[|12) 



^M = i-7 + ^, (3) 



rg , r 



where q is the charge of the black hole. For nonrotating black holes with 
nonzero cosmological constant A, one has Kottler [T3] solution 

A{r) = l-'-^-^. (4) 

r 6 
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For multidimensional nonrotating charged black holes [14 with a cosmological 
constant, one has 

where 



dcf 



2GnM 



[N - 3)c2 



l/(N-3} 



(6) 



provided Gat — the iV-dimensional gravitational constant is normalized so that 
the A^-dimensional Newton law in non-relativistic approximation possesses the 
following form 

Equations for geodesies in metric ((Ij can be written as 



dt dip L 

' dr ' cdr 



^W^=£, T^ = ^> (8) 



— ^ =e^-A{r)(.+ ^], (9) 



car J \ r^ 

where k = 1 is for timelike geodesies and k = is for the null geodesies. 
For a particle with the rest mass ttt., the parameter t is the proper time, 
emc^ — const is its energy in the gravitational field ([T]); and Lmc — const is 
the projection of the angular momentum on the axis orthogonal to the plane 
of movement in the four-dimensional case. 

From Eqs. ([5]), ^ for the intervals of the coordinate time tf — tg and 
proper At time of movement of the particle from the point with the radial 
coordinate r^ to the point with coordinate rf < vq, one has 



ro 

1 r dr 



"Mruh-^U'4 



(10) 




^ I dr , , 

Zir = - / = . (11) 

As one can see from PTI)) . the smallest coordinate time of movement is realized 
for photons with zero angular momentum. It is equal to 

I f dr 
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where ts is the starting time for radial movement of the photon from the 
point tq. 

Subtracting (TT^ from (fTU)) for k = 1, one finds an answer to the question: 
how much later are the events in points with the same value of the radial 
coordinate as in the beginning of the fall which can be observed by the observer 
falling up to the point r/? 



^(l + l^) 



dr 



1^ 



Air) 



1^ 



L2 



1- 



1- 



A{r) 



1- 



L2 



(13) 



From pT|) and p^ . one arrives at the following conclusion: if the proper time 
interval is finite, then the time interval of observation of the future events at 
the point of the beginning of the fall in the process of falling is also finite. 

This conclusion is generalized for the case of movement of the charged 
particle. For the metric ([5]) this can be obtained by the transformation e — > 
e—{qQ/r^^^), where Q is the specific charge of the moving particle in Eqs. ^- 
pT|) , P^ . If the energy, angular momentum and the charge of the particle are 
such that the proper time of the fall on the black hole is finite, then the 
observation of the infinite future of the external Universe is impossible. 

In Fig. [T] the results of calculations of the ratio of the possible time of 
observation of the future at the point of the fall to the proper time interval for 
the observer radially falling in the Schwarzschild black hole are given. As we 
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Fig. 1 The ratio (is —to)/ At for the observer falling from rest at the point ro to the horizon 
of the Schwarzschild black hole. 



can see from pTj) . (IT5|) for the Schwarzschild black hole (see explicit formulas 
(6), (9) from [5^) the following asymptotic behaviour holds {tg — to)/ At — > 1 
for tq -^ oo. If the fall begins from rest at the point close to the event horizon, 
then 

■" log2^oo, ra^rg. (14) 



At 



ro-rg 
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But in this case is — io ~ {fg/c) 2 log 2, i.e., the possible time interval of the 
observation of the future is small. 

For any nonradial fall of the nonrelativistic particle on the Schwarzschild 
black hole it is also impossible to have a large interval of the future time which 
can be seen from Fig. [21 



(ts-to)/Ar 
2 




r„c 



Fig. 2 The dependence (4s — to)/ At on the angular momentum of the particle with e = 1, 
ro = 3rg falling to the horizon of the Schwarzschild black hole. 



3 Time dilatation on circular orbits of the Kerr black hole 

Kerr's metric [12] of the rotating black hole in Boyer-Lindquist [IB] coordinates 
has the form 



ds' 



dt^ ^:^ „„ ' - (a^cos^f 



dr^ 



de 



a^ cos 



{r^+a^)sm''edip'' 



where 



A^r^ 



2Mr + a\ 



(15) 



(16) 



M is the mass of the black hole, aM — its angular momentum. Here we use 
the units: c = G = 1. For a = 0, the metric (ITSI) describes a nonrotating black 
hole in Schwarzschild coordinates. The event horizon of the Kerr's black hole 
corresponds to the radial coordinate 



TH 



M + \/M2 - a2 



(17) 



Equatorial {9 = 7r/2) geodesies in Kerr's metric ([T5|) are defined by the 
equations (see [T7], Sect. 61): 



dt _ 1 
d7 ^ Z 



2 I 2 

r + a 



2Ma^ 



2Ma 
e L 



(18) 
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dip 1 
dr A 


'2 A/a / 2Af \ ■ 
e+ 1 L 


1 


dr 


\^ 2 2M, ^,2 a^e^-L 


2 

i 



A 



(19) 



(20) 



where em = const is the energy of the particle with the rest mass m in the 
gravitational field (|15p ; Lm = const is the projection of the angular momentum 
of the particle on the rotation axis of the black hole. 

Let us define the effective potential of the particle in the field of the black 
hole by 

1 fdr^ 



V,n 



2 ydr) 



(21) 



Then d^r/dr^ = —dVcs/dr and the necessary conditions for the existence of 
circular orbits in equatorial plane are 



K=ff = 0, 



dVcs 
dr 



= 0. 



It is sufficient for the existence of stable circular orbits that 



V, 



s 



0, 



0, 



> 0. 



dr ' dr^ 

The solutions of Eqs. ((22|) can be written in the form [l8] 

^/x{x'^-3x±2Ay/^) ' 
x^ T2Ay/x + A'^ 



l = ± 



\/x{x'^ -3x±2Ay/^) 



(22) 



(23) 



(24) 



(25) 



where the upper sign corresponds to the direct orbits (i.e., the orbital angular 
momentum of a particle is parallel to the angular momentum of the black 
hole), the lower sign corresponds to retrograde orbits. 



r 

M 



A = 



M 



1 = 



M 



(26) 



The circular orbits exist from r = oo up to minimal value corresponding to 
the photon circular orbit rph defined by the roots of the denominator 
(P5|) equal to [H] 



'ph 



2M 



1 + cos ( - arccos(=FA) 



The minimal radius of the stable circular orbit is equal to [T 

x±3 = 3 + Z2 Tv/(3-^i) (3 + ^1 + 2^2), 



(27) 



(28) 
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where 



i2n1/3 



Zt^^1+(^1-AY (l + Ay/^ + il-A) 



U/3 



Z2 



3A2 + Zf . 



(29) 



The specific energy of the particle on such a hmiting stable orbit is 
£ = ^1 - j2/3x,„,). 

The minimal radius of the bounded orbit (i.e., orbit with e < 1) is obtained 
for e = 1 (the particle is nonrelativistic at infinity) and is equal to |18) : 



In this case, we have 



■-mb 



;± 

'mb 



= 2 1 + VlT^ TA 



±2(l + VlT^ 



(30) 



(31) 



This orbit is nonstable. 

From (UHl), (1241), (l25| one obtains 



dt 
'db- 



,3/2 ± ^ 



^3.3/2(3.3/2 „ 3^ ±2yl) 



(32) 



Due to the fact that t is the time of the observer resting at infinity from the 
black hole, t is the proper time of the observer moving along the geodesies, one 
can consider this value to be "time dilatation" for the corresponding circular 
orbit. 

For the Schwarzschild black hole (^ = 0), the time dilatation on the lim- 
iting bounded circular orbit (xmb — 4) is equal to 2 (the limiting horizontal 
dashed-line on Fig. [2] corresponds to this value). On the minimal stable circu- 
lar orbit {xras = 6), the time dilatation is only ^/2. However, for circular orbits 
close to photon orbit rph = 3M, from ([M)) . (|5^ for A = 0, using the series 
expansion in e~^ one gets 



dt 
rf7 



= 3e 



1 



O 



1 



00, 



(33) 



i.e., the time dilatation can be as large as possible. 

Note that in Minkowski space-time one gets from the special relativity 
dt/dr = e. So in the case of movement around the Schwarzschild black hole, 
the time dilatation for relativistic energies of the objects can be enlarged at 
most by a factor of three. 

For circular orbits with e — > cx) around the rotating black holes formu- 
las dSH), (1221), ^ give 



dt 
d7 



3± 



2A 



2^Qg,ar££2|(id))^^ 



(34) 
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For direct orbits close to the rapidly rotating black holes with A —> 1, rTj^ 
M, it holds 



dt 6 1 



+ - + 0(VT^^) £, (35) 



dr \ V 1 - ^ 3 
for retrograde orbits Tpj^ — > 4M, 

The time dilatation on the minimal stable circular orbit of the rapidly 
rotating black hole {A -^ 1) can be obtained from (1^ . (P5 )) - ((5^ and is equal, 
for direct orbit x+g — > 1, 

dt 2'*/3 r , 1 

--(.T+) = ^ 1 + 0(^T^A) , (37) 

dr"- ""'' V3(l-A)i/3 L ^'' ^J ' "- ' 

for the retrograde orbit x~^g « 9, dt/dr « 13/(6v3)- For minimally bound 
direct circular orbit, x^^^ — >■ 1, we have 

dt 

d^ '■^"^^' VT^~A 



(x+J = ^== 1 + 0{VT^-A) . (38) 



For the retrograde minimally bound orbit: x^^^ « 3 + 2\/2, dt/dr « 3 — a/2. 

Let us give the values of time dilatation on circular orbits for the black 
hole with the Thome's limit for astrophysical black holes A = 0.998 (see jT5]): 



dt , , ^ dt 

^(<-)-^3-«' Tr 



(x+J=43.8, — (a;+J = 10.8. (39) 



For particles with large specific energy rotating in the direction of rotation of 
the black hole for orbits close to circular photon orbit one has 

A = 0.998 ^ -^ - 55.12 e, e ^ cx). (40) 

dr 

So the relativistic effect of the time dilatation close to a rotating black hole 
may be 55 times larger! 
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